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258 PROBLEMS AND SOLUTIONS. 

CALCULUS. 

397. Proposed by C. N. schmall, New York City. 

On the radii vectores of one loop of the lemniscate p 2 = a 2 cos 29 as diameters, circles are 
described passing through the pole. Find the locus of their points of intersection, and show 
that the area is twice that of the loop. 

Solution by Theodore Howard, New Haven, Conn. 

Let <$> be the angle between the polar axis and the radius vector of the circle described on 
the radius vector of the lemniscate as a diameter. Let r be the radius vector of the circle, the 
origin and polar axis being the same as for the lemniscate. Then the equation of the circle is 
r = p cos (<j> — 9). Or r 2 = p 2 cos 2 '(4> — 0) = a 2 cos 29 cos 2 (<j> — 9), substituting from the equa- 
tion of the lemniscate. In this equation, is the variable parameter. Taking the derivative of 
this equation with respect to 0, we have 

= 2a 2 cos (<t> — 9)[sin (<t> — 0) cos 29 — sin 29 cos (<*> - 0)), 

= 2a 2 cos (<j> - 0) sin (0 - 39). 

Hence, = § , or = <j> — ~ an extraneous value. Substituting 5 for 9 in the preceding 

2d> 
equation, we have r* = a 2 cos 3 ~ , the equation of the envelope. The area of one loop of the 

o 

o 2 /"* 2<b C"l* 

envelope is A •= -_- J b cos 3 -»- d<j> = 3a 2 J cos 3 20d0 = a 2 . The area of one loop of the lemnis- 
cate is 

cos 20d0 = I . 

Hence. 

A = 2A'. 

Also solved by C. E. Horne, Paul Capron, H. L. Agard, and Norman 
Anning. 

398. Proposed by V. M. SPUNAB, Chicago, 111. 

Solve 

a 2 £_ _a 2 £__ 3% 

ax 2 dxdy dy 2 

Solution by W. W. Beman, University of Michigan. 
Assume z = <t>(y + mx). The equation in m is 2m 2 — Zm — 2 = 0. Hence, 

a = 4>{y + 2x) + $(2y - x). 
Also solved by Elijah Swift, J. L. Riley, and the Proposer. 

399. Proposed by b. j. bbown, Victor, Colorado. 

A cow is tethered by a perfectly smooth rope, a slip noose in the rope being thrown over a 
large square post. If the cow pulls the rope taut in the direction shown in the figure, at what 
angle will the rope leave the post? 

From Granville's Diff. and Int. Calculus, p. 120, Prob. 55. 

Solution by H. L. Agard, Williams College. 

The rope leaves the post in such a manner that the knot at the end of the noose is in front of 
the middle of one face of the post. Let a be the thickness of the post, <p the angle at which the 
rope leaves the post, 6 the distance from the knot to the corner of the post, and c the perpen- 
dicular distance from the knot to the post. 

Then 

6=5 sec <p and c = 9 tan <p. 



